Most methods for analyzing functional time series rely on the estimation of lagged autocovariance operators or surfaces. As in univariate time series analysis, testing whether or not such operators are zero is an important diagnostic step that is well understood when the data, or model residuals, form a strong white noise. When functional data are constructed from dense records of, for example, asset prices or returns, a weak white noise model allowing for conditional heteroscedasticity is often more realistic. Applying inferential procedures for the autocovariance based on a strong white noise to such data often leads to the erroneous conclusion that the data exhibit significant autocorrelation. We develop methods for performing inference for the lagged autocovariance operators of stationary functional time series that are valid under general conditional heteroscedasticity conditions. These include a portmanteau test to assess the cumulative significance of empirical autocovariance operators up to a user selected maximum lag, as well as methods for obtaining confidence bands for a functional version of the autocorrelation that are useful in model selection/validation. We analyze the efficacy of these methods through a simulation study, and apply them to functional time series derived from asset price data of several representative assets. In this application, we found that strong white noise tests often suggest that such series exhibit significant autocorrelation, whereas our tests, which account for functional conditional heteroscedasticity, show that these data are in fact uncorrelated in a function space.
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Introduction
Conditional heteroscedasticity is a frequently encountered feature of financial and economic time series that, since the seminal work of [6, 10] , is often modeled within the framework of generalized autoregressive conditionally heteroscedastic (GARCH) models. GARCH models have since been extended in many ways to multivariate observations in order to jointly model volatility across several return series, see [3, 12, 14] , to name just a few references to univariate and multivariate GARCH models.
When evaluating such models for a given univariate or multivariate time series, one often begins by computing and plotting sample autocorrelations and/or autocovariances of the series with corresponding confidence intervals. The most common practice is to examine residual autocorrelations with the confidence bands computed under the assumption of a strong white noise. Such plots are useful in identifying models for the conditional mean, such as ARMA models, as well as for assessing whether a residual sequence is plausibly a white noise. It is well known that the standard error of sample autocorrelation estimates is strongly affected by conditional heteroscedasticity. In general, one should expect to see larger (in magnitude) autocorrelation estimates when considering a GARCH process, or a weak white noise exhibiting conditional heteroscedasticity, as compared to a strong white noise. If this effect is not properly accounted for, it may lead to an erroneous conclusion that a sequence exhibits autocorrelation. Several authors have developed diagnostic tests and model identification procedures for univariate and multivariate time series exhibiting conditional heteroscedasticity, including portmanteau tests, to measure the cumulative significance of the first K empirical autocovariances/autocorrelations; see, e.g., [9, 11, 28, 32, 36] . Many of these diagnostics are summarized in the monograph of Li [26] .
The work referred to above presents methods applicable to multivariate time series of a relatively small dimension. Even for series of dimension 5-10, additional restrictions on the GARCH structure must be imposed to reduce the number of parameters to be estimated. In many financial and other applications, the data are very high dimensional multivariate observations (dozens or hundreds of coordinates), with a strong dependence between consecutive coordinates. The currently available multivariate goodness-of-fit techniques are not suitable for such data. We illustrate with data that motivate this work and will be further studied below. On consecutive days i ∈ {1, . . . , T }, observations of the S&P 500 index are available at intraday times u, measured at a 1-min (or finer) resolution. These data may then be represented by a sequence of discretely observed curves or functions {P i (u) : 1 ≤ i ≤ T , u ∈ [0, S]}, with S denoting the length of the trading day. Transformations of these functions that are of interest include the horizon h log returns, R i (u) = ln P i (u) − ln P i (u − h), where h is some given length of time, e.g., five minutes. For a fixed h, on any given trading day i we thus observe a high-dimensional multivariate vector, which can be viewed as a noisy function. We thus observe one function per day, i.e., a functional time series.
The scope of methodology for analyzing functional time series such as these has grown substantially in the last decade; we refer to [7] , Chapters 13-16 of [17] and Chapter 8 of [24] for summaries of advances in the field. To date, most methods in this direction are still based on non-parametric and non-likelihood approaches that rely fundamentally on the estimation of autocovariance operators, see, e.g., [20, 21, 30, 41] . Several authors have considered portmanteau tests for these operators; see [13, 23, 40] . In the presence of functional conditional heteroscedasticity, diagnostic tests for measuring the significance of autocovariance functions and general checks for model adequacy are needed. Specific functional conditionally heteroskedastic models have been proposed by [2, 15] . Our methodology is more broadly applicable. It assumes a flexible nonparametric quantification of conditional heteroskedasticity.
In this paper, we develop diagnostic tests and visualization tools based on the empirical autocovariance functions of stationary functional time series exhibiting conditional heteroscedasticity. In particular, we derive a portmanteau test to measure the cumulative significance of the norms of the first K empirical autocovariance functions under a general conditional heteroscedasticity assumption. This test may be used to evaluate the adequacy of functional GARCH-type models for observed or residual curves. Building upon this theory, we further develop methods to construct confidence bands for empirical functional autocorrelation estimates that are useful for identifying correlation at specific lags and informing further modeling. As a demonstration, we apply the proposed methods to functional time series derived from the intraday returns on several densely observed asset prices. Our analysis suggests that the level of autocorrelation observed in these series is typically more than would be expected from a strong white noise model, but is in fact in accordance with functional conditional heteroscedasticity.
The paper is organized as follows. Its main methodological contributions are presented in Section 2. After formulating a suitable mathematical framework, we state the assumptions, including a general definition of functional conditional heteroscedasticity. We then define two test statistics, one to measure the autocovariance at a specified lag and another, a portmanteau statistic, to measure the cumulative significance of the first K autocovariance functions. We establish their asymptotic properties and explain how to perform the tests in practice. We also introduce confidence bands for quantities akin to autocorrelations of scalar time series. The results of a simulation study of the proposed methods are presented in Section 3, which also contains their application to intraday returns on several types of assets. Proofs of the asymptotic results and some technical calculations are presented in Appendix.
Problem statement and testing procedures

Mathematical framework and notation
We consider a discretely observed functional time series {X i (u) : 1 ≤ i ≤ T , u ∈ (0, 1]}, of length T . It is convenient to think of i as denoting the day. The ''intraday'' parameter u is rescaled to be in the interval (0, 1], without loss of generality.
We write f for a function f (u), u ∈ (0, 1] and further use ∫ to denote
when it does not cause confusion, and use (X i ) to denote the sequence (X i ) i∈Z . Before proceeding, we describe a convenient mathematical framework for the data: we treat each X i as an element of the Hilbert space of real-valued square integrable functions defined on the interval (0, 1] equipped with a nonnegative measure µ on its Borel subsets. We define the inner product between two functions f and g by
We then define L 2 (µ) to be the Hilbert space of functions f for which ∥f ∥ = ⟨f , f ⟩ 1/2 < ∞, and we assume that each X i is an element of L 2 (µ).
There are several advantages to considering this general framework. For instance, if the data consist of price curves
, it is then convenient to work in the Hilbert space L its lag h autocovariance functions are zero for all h > 0. However, the variability of the estimates of the functions γ h (·, ·)
is different in case of the strong white noise and GARCH-type functional time series. This has to be taken into account in inferential goodness-of-fit procedures. Developing suitable tests and confidence intervals is the objective of this paper.
In the first direction, we aim to develop methods to assess the validity of the hypotheses
that are consistent under functional conditional heteroscedasticity, which will be defined in the following. The null hypothesis H 0,h is to be tested for a fixed h > 0. We will then also introduce an approach akin to confidence bands for sample autocorrelations of scalar time series. The key assumptions involve a quantification of the decay of temporal dependence, which may be present even if autocorrelations vanish, with lag separation, and vanishing second and fourth order moments, as implied by a GARCH structure. To specify the dependence structure, we formulate the following definition:
where the (ε i ) are i.i.d. elements taking values in a measurable space S, and g is a measurable function g :
is an independent copy of the sequence (ε i ) defined on the same probability space, then
where
The gist of Definition 1 is that the dependence of g in (4) on the innovations far in the past decays so fast that these innovations can be replaced by their independent copies. Such a replacement is asymptotically negligible in the sense quantified by (5) , which also implies that E∥X i ∥ p < ∞. Representation (4) implies that the sequence (X i ) is stationary and ergodic. Assumptions similar to Definition 1 have been used extensively in recent theoretical work, as all stationary time series models in practical use can be represented as Bernoulli shifts, see [1, 4, 16, 22, 34, 38, 40] , among other contributions. Unlike a linear moving average, representation (4) admits heteroskedastic time series. With this background, we state our first assumption.
The next assumption requires that the sequence (X i ) possesses the first, second, and fourth order moment characteristics of a functional GARCH-type sequence. Assumption 2. The sequence (X i ) satisfies 
s).
Moreover, this solution satisfies Assumptions 1 and 2.
Test statistics and their limit distributions
The autocovariance function γ h is estimated bŷ
and through these estimates we define test statistics for H 0,h and
respectively. In this section we state large-sample properties of Q T ,h and V T ,K . Even though our work is motivated by the functional GARCH models of [2, 15] , the asymptotic distribution of Q T ,h and V T ,K may be established for a larger class of nonlinear functional time series satisfying Assumptions 1 and 2.
Under Assumption 1, the autocovariance γ h is an element of
A slightly longer, but similar, argument shows that
Beginning with the test of H 0,h , we assume in the following theorem that the lag h ≥ 1 is fixed.
Theorem 1. Suppose the functional time series (X i ) satisfies Assumptions 1 and 2. Then, there are mean zero Gaussian processes
, defined on the same, perhaps enlarged, probability space as
Their covariances do not depend on T , and for t, s, t
} . 
and satisfying
where (N ℓ ) ∞ ℓ=1 are independent and identically distributed standard normal random variables.
The coefficients ξ ℓ,K are defined by (A.6) and, in short, are the eigenvalues of a quite complicated covariance operator derived from the functions in (8) . The direct estimation of these coefficients becomes infeasible even for small values of K , and so in order to test H ′ 0,K in practice, we propose to approximate the distribution of V K on the right hand side of (9) using a Welch-Satterthwaite type χ 2 approximation, as explained in Section 2.4. For a series (X i ) that has nonzero autocorrelation at lag h, it follows fairly directly from the theory developed to prove Theorems 1 and 2 that Q T ,h
We quantify nonzero autocorrelation at lag h by the following assumption:
Theorem 3. If the functional time series satisfies Assumptions 1, 2(i), and 3(h), then Q T ,h
Local alternatives can be defined by introducing functional triangular arrays such that E{X 0,
µ ⊗ µ almost everywhere. The remaining assumptions must be suitably modified for such arrays, and it can then be shown that the tests are consistent under such local alternatives. To save space, details are not presented.
Feasible approximations to the limit distributions
In order to make the results of Section 2.3 applicable to price data, we now detail how the tests are carried out when the price curves are observed on the regularly spaced grid U J with the norm computed using the normalized counting measure µ J . In this case, Q T ,h reduces to
Similarly,
and the covariance of the process
If λ h,ℓ , ℓ ≥ 1, are the eigenvalues of this 4D tensor of dimension J 4 defined by
then it follows from the Karhunen-Loève Theorem (see p. 25 of [7] ) that
where (N ℓ ) ∞ ℓ=1 are independent and identically distributed standard normal random variables. This leads to the conclusion that, as T → ∞,
where the λ h,ℓ are the eigenvalues defined in (10) . In practice, the eigenvalues λ ℓ,h are estimated byλ ℓ,h satisfying 1
With functional data observed on U J , the tensorĉ h,h (u j , u k , u j ′ , u k ′ ) can readily be constructed from the data, and eigenvalueŝ λ ℓ,h may be computed using the function svd.tensor in the R package tensorA [37] . One may then estimate Ξ h,1−α witĥ Ξ h,1−α , the 1 − α quantile of
which can be calculated using either Monte Carlo simulation, or directly using the function imhoff in R. We then reject
The finite-sample properties of this test are studied in Section 3.
We now turn to the approximation to the limit V K in Theorem 2. As noted in Section 2.3, we use the Welch-Satterthwaite approximation, see [25, 39] . The idea is to approximate the limiting distribution V K by a random variable R K ∼ βχ 2 ν , where
ν denotes a χ 2 random variable with ν degrees of freedom, and β and ν are estimated so that the distribution of R K has the same first two moments as the distribution of
We verify in Appendix that
These parameters can be consistently estimated with simple plug-in estimators: we estimate µ V ,K and σ
and whereĉ i,j is defined in (12) . Estimatesβ andν are then defined with these estimates as in (14) . An approximate size α test of H 
This calculation can become computationally intensive if J is large. To increase the speed of this calculation at the cost of a small loss in accuracy, we propose two Monte Carlo integration techniques to evaluateη i,j . The first is based on applying a trapezoidal rule to a sparse, randomly selected, regular grid, which we abbreviate by ''rTrap'' below. For each i ∈ {1, . . . , R}, let v i denote an ordered (increasing) random sample without replacement from U j . We may then estimate η i,j witĥ
where v 0 = 0. This method employs a sparser grid of points as compared to (16) 
Both methods cut down substantially on the computational time required to provide an estimate of η i,j , mainly because they each do not require the calculation of the entire functionĉ i,j . The relative advantages of one method over the other, even asymptotically, are unclear since they would depend on the properties of the unknown function c i,j . We compared both methods below, and found that they produced very similar results for the data generating processes we considered.
Choice of R and M:
In practice one should choose R and M to be as large as time and computational resources allow. In our experience taking R = 25 and M = 2000 produces reliable results, and with these settings it takes typically less than one minute to calculate all integrals needed to perform the test based on V T ,10 for T ≤ 500 on a modern laptop computer.
Confidence bands for functional autocorrelation measures
Following [18] , we define the functional autocorrelation coefficient at lag h to be
where γ h (t, s) is defined by (2) . One can readily verify using the Cauchy-Schwarz inequality that ρ h ∈ [0, 1]. We estimate ρ h witĥ
. (17) It follows then, withΞ h,1−α again denoting the estimated asymptotic 1 − α quantile of Q T ,h , that
is an asymptotic upper 1 − α confidence bound for ρ h . We can similarly compute such a bound under the assumption that the sequence (X i ) forms a strong white noise. In this case the limiting covariance defined in (7) does not depend on the lag h, and is of the form
With discrete data on U J , the eigenvalues of the covariance operator with kernel c ⋆ can be estimated from the tensor
} from which a quantileΞ i.i.d.,1−α can be calculated as described in (13) and the sentences that follow. This gives a 1 − α confidence bound for ρ h under the strong white noise assumption of
.
(1 − α) are useful in model identification under potential conditional heteroscedasticity.
Examples and applications are considered in Section 3.
Finite-sample performance and application to price data
We first show that the tests proposed above perform well in finite samples by reporting rejection rates for simulated data. We also demonstrate the usefulness of the confidence bands for the functional autocorrelation defined in Section 2.5. We then apply the above methods to intraday returns on assets in several different classes. In particular, our tests supply evidence that the functional GARCH model (3) is compatible with the autocorrelation observed in these assets.
Simulation study
In order to evaluate finite-sample properties of the proposed tests, we used the following data generating processes (DGP's):
is a sequence of independent and identically distributed Brownian motions.
(b) fGARCH(1,1): X i (u) follows (3), where α and β are integral operators defined, for x ∈ L 2 (µ) and t ∈ [0, 1], by
where α(t, s) = β(t, s) = 12t(1 − t)s(1 − s). We set δ = 0.01 (a constant function), and
where {B i (u), u ∈ [0, 1]} i∈Z are independent and identically distributed Brownian bridges. If S > 0, the two FAR processes represent data for which the null hypotheses are violated. The specifications for the fGARCH(1,1) process are the same as those studied in [2] , and satisfy Assumptions 1 and 2. For the fGARCH(1,1) and both FAR(1, S) processes, we used a burn-in sample of length 50 before producing a sample of length T . In all DGPs, each functional observation was simulated on an equally spaced grid of J = 50 points on the unit interval. We did not notice any significant difference in the results when we studied observations following these specifications generated on a more refined subset of the unit interval. The measure µ is taken to be µ J .
We begin by reporting simulation results aimed at assessing the empirical size of the tests of H 0,h and H ′ 0,K described in Section 2. We did not notice any pronounced difference in terms of size when testing H 0,h for h ∈ {1, . . . , 5}, so we report the results for h = 1 only. We further note that in this case the hypotheses H 0,1 and H ′ 0,1 are equivalent, as are the test statistics Q T ,1 and V T ,1 . However, the tests differ because the rejection regions are computed in a different way. We use a direct estimation of eigenvalues to compute the critical values for Q T ,1 as compared to a two moment χ 2 approximation for V T ,1 , and so comparing the tests in this case gives a comparison of these methods. The eigenvalue problem related to the asymptotic quantiles for the test statistic Q T ,1 was solved using (11) , and the quantiles of V T ,K were calculated using Monte Carlo integration method ''rTrap'' to evaluateη i,j with R = 25 points as described in Section 2.4. We did not notice a significant difference when taking R larger in these examples. The empirical size with nominal levels of 10%, 5%, and 1% calculated from 1000 independent trials are reported in Table 1 for T ∈ {65, 125, 250, 500}, corresponding, roughly, to the number of trading days in a quarter, six months, a year, and two years.
The results can be summarized as follows:
(a) The test of H 0,1 based on Q T ,1 has quite good size even when the data exhibit conditional heteroscedasticity. This statement remains true when considering lags 2, 3 and 4, which we studied in unreported simulations. (b) When comparing these results to those for the same hypothesis test based on V T ,1 , we see that the direct estimation of the eigenvalues is somewhat less conservative than the two-moment χ 2 approximation, and that this improvement is more marked in the presence of conditional heteroscedasticity. (c) The tests for H ′ 0,K based on V T ,K tended to be somewhat conservative, although the empirical size clearly approaches the nominal levels as T grows. This effect is more pronounced in the presence of conditional heteroscedasticity and large K .
To study the empirical power of the tests based on statistics Q T ,h and V T ,K , we applied each of them to data generated according to FAR(1, S)-IID and FAR(1, S)-GARCH. The empirical rejection rates for increasing values of T are reported in Fig. 1 as power curves, where the y-axis denotes the empirical rejection rate out of 1000 independent trials with the level of each test set to α = 0.05, and the x-axis denotes the size of the norms of the functional autoregression function, which we took to be S = 0, 0.15, 0.30, 0.45, 0.60 and 0.75. The empirical rejection rates were on the whole slightly higher when using Q T ,1 with the limiting quantiles estimated directly from the empirical eigenvalues in (11) compared to the χ 2 approximation approach, and so we just report the results of the χ 2 approximation below, i.e., we only tested H ′ 0,1 using V T ,1 . For small samples sizes (T = 65), it takes a fairly strong signal in terms of the strength of the autocorrelation in the sequence measured by the size of the autoregressive operator (S ≥ 0.5) in order for the test to reliably reject the zero autocovariance hypothesis. However for large sample sizes, T ≥ 250, even fairly light autocorrelation (S ≈ 0.15) is reliably detected. Under this functional autoregressive alternative in which the autocovariance decays geometrically with the lag, the power is a decreasing function of the number of lags used in the test statistic V T ,K , as expected. (1, 1) process. It can bee seen that for the functional GARCH process, the autocorrelation estimateρ h often exceeds the bound for a strong white noise sequence, but stays below the confidence bounds computed assuming functional conditional heteroscedasticity. This means that using the bound derived under the assumption of a strong white noise would incorrectly indicate serial autocorrelation, while using the lag dependent bounds we derived would lead to the correct conclusion that there is no serial autocorrelation. Under functional autoregression,ρ h often goes well above both bounds, indicating that serial autocorrelation exists. In this case, both bounds lead to a correct conclusion.
Application to representative assets
We now consider an application of our methodology to intraday price data from a selection of assets representing various asset classes. Our objective in this section is to determine whether the autocovariance observed in intraday return functions constructed from these asset prices is consistent with a weak white noise. The assets that we considered are listed in Table 2 . The data for the S&P 500 index, Apple, Wells Fargo, and Exxon Mobile were obtained from nasdaq.com, and the commodity and currency exchange data were obtained from the Chicago Mercantile Exchange. We considered 5-min resolution data, J = 78, the time period from 2/January/2014 to 31/December/2014, which contains T = 249 trading days after removing a half trading day on December 24. For each asset, price data, P i (u), are available on each trading day during this time period in a 1-min resolution, which we used to construct two sequences of functions: the 5-min log-returns,
and the cumulative intraday returns (CIDR's)
While CIDR curves have not been postulated to follow a functional GARCH model, they could potentially form a functional white noise with a different dependence structure agreeing with Assumptions 1 and 2. CIDR curves are important to investors, as they show how a unit investment evolves throughout a trading day, see, e.g., [27] . Plots of the first five 5-min log return curves and cumulative intraday return curves computed from S&P 500 index are given in Fig. 3 . For each asset, we One often notices in these plots thatρ h regularly goes outside the 95% confidence interval for ρ h assuming the sequence follows a strong white noise, but typically lies within the confidence intervals of the same level calculated under the assumption of conditional heteroscedasticity. We noticed this same pattern across all types of assets. This is in accordance with the adequacy of the functional GARCH model for the data.
Further evidence in support of the adequacy of a functional GARCH type model for these curves was supplied by testing for the cumulative significance of the first 10 functional autocovariances, a test H ′ 0,10 . We applied a test of this hypothesis based on V 249,10 to each series, and the results, in the form of p-values, are reported in Table 3 . In each case, we could not reject H ′ 0,10 with any significance. By comparison, when we applied the portmanteau test of [13] with maximum lag 10, Table 3 p-values for portmanteau tests measuring the cumulative significance of the first 10 empirical autocovariance functions computed from the CIDR and 5-min return curves under conditional heteroscedasticity as well as under a strong white noise assumption as in [13] . which tests the null hypothesis that the series follows a strong white noise (abbreviated SWN Test below), the null was strongly rejected in 6 out of 12 total tests: in 4 out of 6 assets for the 5-min return curves, and 2 out of 6 assets for the CIDR curves. The SWN p-values are also given in Table 3 . Our data analysis shows that both types of return curves generally follow a weak white noise, but not a sequence of i.i.d. curves. Insights of this type have been a cornerstone of modeling of scalar returns, but to the best of our knowledge, have not been rigorously established in the context of daily return curves. We hope that our work will spur further research into the dependence structure and prediction of functional objects derived from price data, in particular towards modeling functional conditional heteroscedasticity.
Appendix. Proofs of the asymptotic results of Section 2
A.1. Proof of Theorem 1 and Corollary 1
The first lemma shows that the estimation of the mean function has an asymptotically negligible effect. Recall that we assume that E(X i ) = 0 in the weak sense in Assumption 2. A key element of the proof is the bound E∥
under Assumptions 1 and 2 obtained by [4, 35] .
Lemma 1. Suppose Assumptions 1 and 2 hold, and let
γ h (t, s) = 1 T T −h ∑ i=1 X i (t)X i+h (s). (A.1) Then {∫ ∫ (γ h (t, s) −γ (t, s)) 2 µ(dt)µ(ds) } 1/2 = O P (1/T ) .
Proof. According to the definitions ofγ
It follows then from the triangle inequality in L
, and
It follows from the Cauchy-Schwarz inequality that 
We therefore conclude that E∥X ∥
and so E(G
. This along with Chebyshev's inequality implies that G 1 = O P (1/T ) . Similar arguments show that G i = O P (1/T ) for i ∈ {2, 3}, which implies the result. □ Our objective is to establish limit distribution of the sample autocovariance function for a fixed lag h. The first step is to show that the products
. This time shift is introduced to obtain a more convenient Bernoulli shift representation. The sequence (Z i,h ) is evidently strictly stationary, and has mean zero under Assumption 2(ii). It follows from the Cauchy-Schwarz inequality for the expectation and Assumption 1 that
and so Z i,h is a.s. an element of L 2 (µ ⊗ µ). Moreover, according to Assumption 1,
i,h be defined as in (6) . We note that for m > h, Z
Proof. By adding and subtracting the same term under the square in the integrand, we get that
and hence using the triangle inequalities in L 2 (µ ⊗ µ) and for {E(·)
We obtain by some simple algebra and the Cauchy-Schwarz inequality that the second term in the last line of (A.3) satisfies
We recall that by Assumption 1, E(∥X i ∥ 4 ) < ∞. Similar arguments show that the first term on the last line of (A.3) satisfies
from which we obtain, when combined with (A.4), that
This completes the proof. □
Lemma 3. Suppose Assumptions 1 and 2 hold. Then one may define a sequence of Gaussian processes
on the same, perhaps enlarged, probability space as
where for t, s, t
} .
Proof. It follows from similar arguments as those used to establish Lemma 1 that if
It follows from Lemma 2 that the sequence ( 
According to Assumption 2(iii), EZ 0,h (t
This completes the argument. 
Finally, since the elements of the approximating Gaussian sequence each have the same distribution, we have that
for every integer T ≥ 0. This completes the proof. □
A.2. Proof of Theorem 2 and (15)
To begin, let K be a positive integer as in the definition of H ′ 0,K , and definẽ
whereγ h is defined in (A.1).
Lemma 4. Under Assumptions 1 and 2, |V
Proof. The proof follows along similar lines as Lemma 1, and so the details are omitted. □ Analogous to the proof of Theorem 1, we also definē 
This space is a separable Hilbert space when equipped with the inner product ⟨f , g⟩ H,1 =
∫ ∫ {f (t, s)} ⊤ g(t, s)µ(dt)µ(ds).
Let ∥ · ∥ H,1 denote the norm induced by this innerproduct. Let ⟨·, ·⟩ F denote the matrix Frobenius inner product, and let ∥ · ∥ F denote the corresponding norm; see Chapter 5 of [29] . Further let where the integration is carried out coordinate-wise. The operator Ψ K has the following three properties:
1. Ψ K is Hilbert-Schmidt, and therefore is compact. This follows if we show that the kernel ψ K is an element of H 2 , see Chapter 6 of [31] . We have by Assumption 1 and two applications of the Cauchy-Schwarz inequality that
[E{X −i (t)X 0 (s)X −j (u)X 0 (v)}] 2 µ(dt)µ(ds)µ(du)µ(dv)
from which it follows that i,K be defined as in (6) 
A.3. Proof of Theorem 3
Proof of Theorem 3. Since V T ,K ≥ Q T ,h for all h ∈ {1, . . . , K }, it is enough to just prove the first part of the theorem.
By repeating the arguments in Lemma 1, it follows that it is enough to show that under the conditions of the theorem,
→ ∞, as T → ∞. By Assumption 3, it follows that there exists a nonzero function a h ∈ L 2 (µ ⊗ µ) such that
